Abstract-This paper discusses several approximate analytic techniques for calculating power dissipation and forces in ferromagnetic fluids subjected to a spatially uniform but time varying magnetic field. This power dissipation results in a rising temperature in a ferrofluid sample. Several possible heating mechanisms in magnetic fluids have been investigated, including electromagnetic and hydrodynamic processes, and a simple method for prediction of power dissipation in a sample has been developed. Experimental results are given for an induction heating problem where it is shown that the power dissipation in a sample of ferrofluid cannot be explained by induction heating of the individual suspended particles. A simple viscous drag model is introduced which shows better agreement with measured power dissipation in the sample than an eddy current model for excitation frequencies under 1 MHz.
I. INTRODUCTION
A ferrofluid is a synthetic liquid that holds small magnetic particles in a colloidal suspension, with particles held aloft by their thermal energy. When subjected to an applied magnetic field, the fluid exhibits unusual properties due to simultaneous fluid mechanic and magnetic effects. The particles are sufficiently small that the ferrofluid retains its liquid characteristics even in the presence of a magnetic field, and substantial magnetic forces can be induced which result in fluid motion.
There are three primary components in a ferrofluid [1] , [2] . The carrier is the liquid element in which the magnetic particles are suspended. Most ferrofluids are either water based or oil based. The suspended material are small ferromagnetic particles such as iron oxide, on the order of 100-200Å in diameter [3] , [4] . The small size is necessary to maintain stability of the colloidal suspension, as particles significantly larger than this will precipitate. A surfactant coats the ferrofluid particles to help maintain the consistency of the colloidal suspension.
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Publisher Item Identifier S 0018-9464(98)06125-1. interactions between particles is opposed by the thermal energy of the particles. Although particles vary in shape and size distribution, insight into fluid dynamics can be gained by considering a simple spherical model of the suspended particles ( Fig. 1) . The particles are free to move in the carrier fluid under the influence of an applied magnetic field, but on average the particles maintain a spacing to the nearest neighbor. In a low-density fluid, the spacing is much larger than the mean particle radius 2R, and magnetic dipole-dipole interactions are minimal. Applications for ferrofluids exploit the ability to position and shape the fluid magnetically. Some applications are:
• rotary shaft seals [5] , [6] ;
• magnetic liquid seals, to form a seal between regions of different pressures [7] ; • cooling and resonance damping for loudspeaker coils [8] , [9] ; • printing with magnetic inks [9] ; • inertial damping [10] ; by adjusting the mixture of the ferrofluid, the fluid viscosity may be changed to critically damp resonances; • accelerometers, level and attitude sensors [10] , [11] ; • electromagnetically triggered drug delivery [12] . To date, the hydrodynamic properties of ferrofluid have been extensively studied. However, ferrofluid heating due to magnetic induction and other effects has not been significantly studied. Heating effects in ferrofluids are important in applications where the fluid is subjected to a time varying field, as in loudspeakers where heating would adversely affect performance. Other applications exploit the ability to heat the fluid magnetically, as in the thermal actuation of a polymer gel in contact with the ferrofluid. In this study, the special case of a ferrofluid sample placed in a uniform time varying field is considered.
II. METHODS FOR POWER DISSIPATION ESTIMATION IN FERROFLUIDS
The power dissipation due to magnetic induction (eddy currents) is calculated by considering the magneto-quasistatic (MQS) form of Maxwell's equations. The MQS relationships for a conducting, uniformly permeable material are (1) where the linear constitutive law is used. With and taken as constants, we arrive at the magnetic diffusion equation (2) The diffusion equation, with appropriate boundary conditions, is used to find the distribution of magnetic field. Ampere's law, in turn, is used to find the distribution of current density in the conductive material. In the sinusoidal steady state, the time average power dissipation in the material due to induction from the applied field is (3)
A. Cylinder in Axial Time Varying Magnetic Field
A specific eddy current problem for which there is a closed form solution is a semi-infinite cylinder in a uniform time varying axial magnetic field [ Fig. 2(a) ]. The cylinder has electrical conductivity , magnetic permeability , radius , and length
The time-average power dissipation is given by [13] (4) where is the skin depth. The total power dissipation in the cylinder is plotted in Fig. 2(b) . Of special interest is the critical frequency, when the radius of the cylinder is equal to the skin depth, or (5)
B. Scaling Laws
Further understanding of induction heating processes is gained by considering the limiting cases of high and low frequency excitation. In the low frequency limit where , the field inside the cylinder is not significantly perturbed from its applied value. The -directed current density is proportional to the frequency of excitation, the radial distance, and to the magnitude of the applied field, or (6) The total time-average power dissipation in the cylinder, which is proportional to the integral of over the volume of the cylinder, is (7)
In the low frequency limit, the power dissipation reduces to (8) At frequencies significantly higher than a critical frequency the magnetic field is effectively shielded from the inside of the cylinder by induced -directed currents. The current density is concentrated on the surface of the cylinder and may be approximated as a surface current flowing in a thin layer one skin-depth thick. As the frequency increases, the value of surface current stays constant, with , the value necessary to fully shield fields from the inside of the cylinder. However, as the frequency is increased, the total current, which is constant , travels in a thinner and thinner layer near the surface of the cylinder due to the skin depth phenomenon. This results in a higher resistance to current flow and a corresponding higher power dissipation, with the result that for the scaling law is (9) Or, taking the limit of the full analytic solution (10) These scaling laws are useful for calculating the optimal operating frequency for a given material and geometry. The solution for the semi-infinite cylinder in a transverse magnetic field is similar [13] in frequency profile and magnitude and will not be considered here. A spherical model shows a similar power/unit volume curve versus frequency, and results are given in the Appendix.
The small size of the ferrofluid particles (on the order of 10-200Å in diameter) results in particles which are composed of single magnetic domains [9] , [14] . Therefore, little additional power loss due to domain-domain friction is seen in the ferrofluid.
C. Viscous Drag Effects
Another possible loss mechanism in a ferrofluid is viscous drag due to motion of the ferrite particles in the fluid. To date, research has been done on the induced motion of conductive fluids (magnetohydrodynamics) [15] and of ferrofluids in a traveling or rotating magnetic field (ferrohydrodynamics) [16] - [20] . However, of special interest are cases when a ferrofluid is subjected to a uniform time varying magnetic field.
The particles in a ferrofluid are free to move, both by translation and by rotation. From electromagnetic theory, the force density acting on a material with magnetic dipole moment in a field of magnetic intensity is given by [21] (11) In a ferrofluid, the electrical conductivity is very small [8] , [11] so the Lorentz force may be neglected, resulting in (12) This is the ferrohydrodynamic force density. In magnetohydrodynamic flows, there is a finite assumed electrical conductivity, and the Lorentz force density is the dominant effect [18] . In ferrohydrodynamic flows, a force density requires a gradient in the applied magnetic field. The magnetic body torque density is given by [19] , [20] (13)
For fluid rotation, the magnetization must not be collinear with the magnetic field. With magnetization effects, the magnetic flux density is defined as (14) In a magnetically linear material, the magnetization is given by (15) where is the magnetic susceptibility. For a ferrofluid under ac excitation, the magnetization will attempt to follow the applied field, but the fluid viscosity and Brownian motion cause the magnetization to lag the magnetic field. The magnetization relaxation equation, with the ferrofluid undergoing simultaneous translation and rotation, is given by [20] (16) where is the fluid velocity, is the fluid angular velocity, and is the time constant associated with the magnetization process. The first three terms in the equation are the convective derivative as applied to the time rate of change of magnetization, which includes effect due to rotation and translation. In order to find the velocity and angular momentum fields, the magnetization equation must be solved self-consistently with the equations of fluid dynamics.
A special limiting case is the time varying case, with only slow rotation or translation of the ferrofluid particles, where
The solution to this limiting case in the sinusoidal steady state is (18) where and are complex amplitudes. This equation suggests a mechanism by which the magnetization may lag the applied magnetic field due to a time constant in the magnetic susceptibility, resulting in a time varying torque which causes rotation of a ferrofluid particle.
In a low frequency field, it has been theorized that the particles are alternately oriented in one or the other directions, depending on the direction of the excitation field [4] . If the frequency is raised, the viscous drag force (proportional to particle angular velocity) becomes more important.
D. Viscous Drag on a Rotating Sphere in a Fluid
The total viscous drag force on a rigid sphere immersed in a fluid is easily calculated if the Reynolds number is low. For fluid flow, the Reynolds number is given by (19) where is fluid density, is the magnitude of the fluid velocity, is the length scale of the flow over the surface, and is the viscosity. This number is the ratio of an inertial force density to a viscous force density. Therefore, for low Reynolds number flows, viscous forces dominate. Due to the small size of ferrofluid particles, low Reynolds flows are expected.
The torque acting on a sphere rotating in a stationary fluid is given by [23] , [24] (20)
where is the torsional damping coefficient.
E. Estimation of Power Loss Due to Particle Rotation
In a uniform magnetic field, there is no net force acting on the particle, even if there is a time lag between the magnetic field and the particle magnetization [19] . However, there is a time varying torque if the field and magnetization are not collinear.
The torsional motion of the particle obeys the equation of motion (21) In the case of the ferrofluid, where we assume that there are no dipole-dipole interactions between magnetized particles, we take the torsional spring constant to be
The equation of motion may be reduced to a first-order equation in angular velocity as (22) For the sphere of mass and density , the mass moment of inertia is given by [25] (23)
The factor may be taken as a time constant, which is related to the relaxation of the magnetization. With an iron particle of radius m, density , in a water based ferrofluid with kg/m-s, the computed time constant is s (24) This is a plausible result, based on the reported ranges of magnetization time constants reported in the literature [14] , [26] and the numerous simplifying assumptions in this calculation. However, it is likely still to be a gross approximation, as it has been shown that the viscosity of a ferrofluid varies considerably with particle concentration and applied magnetic field [1] . The slow component of magnetization is fixed to the rotating magnetic particle (Fig. 3) . The torque on the sphere is time varying due to time variations in the applied magnetic field [17] and due to spatial variations, or (25) The magnetic dipole moment for a fully magnetized sphere comprised of magnetically permeable material with is [21] (26)
This number may be taken as an upper bound for the magnitude of the magnetization vector, as particle rotation will also affect the actual value of magnetization.
For low frequency excitation, the nonlinear differential equation relating angular velocity to torque predicts a power dissipation that increases approximately linearly with frequency. The mechanism is as follows.
• When the magnetic field changes polarity, the torque on the magnetic particle tends to orient the particle with its magnetization vector in the direction of the applied field.
• If the frequency of excitation is lower than the inverse of the relaxation time , the particle will rotate fully so that it is oriented with the field. The rotation results in an instantaneous power dissipation due to viscous drag.
• The particle remains stationary, oriented with the field, until the polarity of the applied field changes sign.
• If the field excitation frequency is increased, the number of particle rotations per second increases, resulting in higher power dissipation. For low frequency excitation, the angular velocity may be approximated by (27) where the inertia of the particle has been ignored. This approximation holds if the acceleration forces are small compared to the viscous drag force or if
In this case the model reduces to one which is time varying, but whose solution is essentially static. As a gross estimation, the torque is approximated by one-quarter of the maximum value, since this is the average value of the function multiplied by the factor of half which accounts for the fast component of magnetization. Therefore, the estimate for average torque is (28) The work done in rotating a particle an angle degrees is if the torque is constant; the average power dissipation in rotating a particle 180 at a frequency is (29) where there is a factor of two because there are two particle rotations per electrical cycle. Using this approximation, the total power dissipation in the ferrofluid sample due to rotation of the spheres is (30) where is the total number of rotating fluid particles in the sample, and the previous approximation for torque was used. Assuming a constant torque, the model has limited validity for magnetic excitation frequencies (31) For expected valued of torque and damping coefficient N-m-s, N-m for a field of A/m) the range of validity is approximately rad/s. This simple expression assumes low frequency operation, with time scales slow as compared to the slow magnetization relaxation time, and neglects dipole/dipole interactions. Furthermore, particle inertia is ignored, due to the small size of the particles. For higher frequency operation, the full ferrohydrodynamic equations must be solved to account for the effects of particle rotation on magnetization [20] .
III. EXPERIMENTS
The goal of the experiments were to make order-ofmagnitude predictions of time-average power dissipation in a sample of ferrofluid under excitation by a time varying magnetic field. Calorimetric measurements have been used in to measure power dissipation [27] ; however, this method requires an insulated vessel for adiabatic heating of the sample, or errors result due to conductive, convective, and radiative heat transfer. A simpler method has been developed in an experimental setup by which the change in complex terminal impedance of an air-core solenoidal inductor is measured when a sample of ferrofluid is placed inside the solenoid bore. Power dissipation in the sample as a function of frequency is calculated based on the measured impedance change. This impedance is due in part to the induced power dissipation in the ferrofluid.
An experimental solenoidal coil was constructed for the purposes of measuring the electrical resistance of a sample of ferrofluid for various excitation frequencies. A solenoid was constructed with 150 turns of #30 gauge wire uniformly wrapped on a plastic cylindrical winding form. For the long solenoidal coil (Fig. 4) with and , the field inside the coil is uniform and z-directed, with a magnitude given by (32) where is the magnitude of the excitation current source. The solenoid coil acts as a transformer, and the conductive insert acts as a shorted transformer secondary with resistance ( Fig. 5) . is the resistance of the primary test coil, which changes with frequency (due to skin and proximity effects) and temperature.
is the magnetizing inductance of the primary coil, and is the effective resistance of the insert. In this simple model, the leakage inductance has been ignored. With the load reflected to the primary side, and the inductance rearranged, the equivalent circuit of Fig. 6(b) results. For a reactive load driven by a current source in the sinusoidal steady state, the time average power dissipation in the insert is given by (33) where is the effective resistance of the insert in the solenoid bore. A Hewlett-Packard 4192A impedance analyzer was used to measure the terminal resistance as a function of frequency of a solenoidal coil loaded with electrically conductive materials. The analyzer measures the series resistance and inductance at the coil terminals, as in this model. If the change in coil resistance with frequency is known, than an approximation for the load resistance can be calculated. An advantage of the lumped-parameter transformer model is that it is completely general, and only the field profile inside the solenoid needs to be known in order to measure power dissipation. Therefore, the method may be easily applied to different coil and conductive insert geometries.
A. Experimental Setup and Calibration
For purposes of calibrating the test, the impedance of the coil alone as a function of frequency was first measured as a function of frequency. Fig. 6 shows the measured resistance of the test coil. The dc resistance of the coil is approximately 1.8 and increases above 100 kHz due to skin depth limiting in the winding wire. The low frequency inductance of the test coil is approximately 97 H and stays constant out to approximately 1 MHz, where the self-resonant frequency of the coil is approached. This data was used in later tests in order to approximate the resistive load due to the conductive insert.
The terminal resistance was then tested with an aluminum cylinder insert resulting in a measured terminal resistance Test parameters of the experimental solenoid and aluminum sample are shown in Table I . After subtracting the measured coil resistance, the load resistance due the aluminum Electrical conductivity of particles f = 3 2 10 6 (m) 01
Electrical conductivity of ferrofluid uid < 10 07 (m) 01 [5] Volume percentage of particles 3% by volume [5] Initial magnetic permeability of particles 100 o [5] Particle mean radius R 10 08 m Density of magnetite particles FE = 7.8 g/cm 3
Fluid density
Fluid viscosity of carrier fluid = 1 cp = 0.01 g/cm-sec is found by As the aluminum was inserted into the solenoid bore, the measured terminal resistance increased due to power dissipation in the aluminum, with the power dissipation in the aluminum calculated by (34) (35) . Assuming that the field profile inside the solenoid is uniform, the power dissipation in the aluminum may be calculated analytically by substituting for in terms of , as given earlier, Using this formula, the measurement based on resistance measurement is compared to the time average power calculated using the analytic solution for the semiinfinite solenoid (Fig. 7) . The results show fair match of the predicted and measured curves, with differences attributable to end effects in the solenoid and cylindrical insert, since the analytic solution assumes an infinitely long solenoid and insert. This shows that the impedance measurement technique will give useful order-of-magnitude estimates for power dissipation in the sample of ferrofluid.
B. Experimental Results with Ferrofluid
A sample of water-based ferrofluid was prepared and placed in the center of the solenoid bore. Material parameters of the ferrofluid sample are shown in Table II . The terminal resistance change at the solenoid terminals was measured and a resulting power dissipation was calculated for a field strength of A/m. Care was taken to calibrate the test for changes in operating frequency and temperature dependence of the coil resistance. The data shows that the ferrofluid loss over the 100 Hz-1 MHz frequency range varies approximately with frequency.
The predicted power dissipation in the sample of ferrofluid is plotted in Fig. 8 and compared to the predicted power dissipation if the only loss mechanism were induction heating of the individual ferrofluid particles. In the induction heating calculation, semi-infinite cylinders are considered for ease of calculation. It can be shown that the solution for spherical models is of similar magnitude and frequency profile. The resulting plot shows that the component of power loss due to eddy currents has an dependence for frequencies under 1 MHz, due to the small size of the particles. Furthermore, there is a several order of magnitude difference between the measured power dissipation and the predicted power dissipation based on electromagnetic induction only in this frequency range. Therefore, it is likely that induction heating is not the dominant heating effect for these frequencies.
Results are also plotted on the same graph for the viscous drag model discussed earlier. The power dissipation using the simple viscous drag model has approximately the same frequency dependence as the measured data. The fact that the measured power in the ferrofluid is higher than predicted by the simple model may indicate that there are also viscous drag forces present due to a finite fluid velocity field due to nonuniformities in the field of the solenoid bore. Also, the model presented is valid to approximately , which for the fluid considered is approximately 20 kHz. A more complicated ferrohydrodynamic model is needed for higher frequencies.
IV. CONCLUSIONS
Results of impedance measurements on a sample of ferrofluid show a linear dependence of power loss versus excitation frequency in the 100 Hz-1 MHz range, results that are unexplained by normal induction-heating methods alone. It has been shown that the data can be fit to a model which is consistent with the theories of magnetic fluid particle rotation in a uniform magnetic field caused by a time lag between the applied field and the induced particle magnetization. This theory could be further tested by repeating the experiments with a sample of frozen ferrofluid, where no particle motion would be allowed. In that case, the expected power dissipation in the sample would be much less over a wide frequency range. The model used did not take into account the possibility of dipole-dipole interactions in the ferrofluid [28] , [29] . Magnetic interactions may induce particle clumping, which would affect the loss mechanisms significantly. The dipole interaction problem in ferrofluids is not yet well understood and is an active area of research [4] , [14] , [28] , [29] .
Sources of error in the measurements are introduced due to the finite extent of the solenoid, leakage inductance which causes a modification of the field inside the solenoid, the uncertainties in the properties of the ferrofluid (such as particle size, density, variation of viscosity with magnetic field [30] , and saturation magnetization), and the simplicity of the ferrohydrodynamic model used. The simple hydrodynamic model presented could be modified, and nonlinear simulations run to account for the time varying torque due to the rotation of the ferrofluid particle. It is likely that in addition to the particle spinning that there is a velocity field which adds additional power dissipation, due to gradients in the field inside the finite solenoid. The tests could be repeated with a larger solenoid with a higher length/diameter ratio and a test sample which is small in width compared to the diameter of the solenoid bore.
APPENDIX
The solution for the power dissipation in the conducting sphere in a uniform time varying field [ Fig. 9(a) ] involve modified Bessel functions of order 1/2 and 3/2. The solution, given in Smythe [31] , is shown in (35) located at the bottom of the second previous page.
The solution is plotted in Fig. 9 (b), which shows a quadratic dependence on power loss below the critical frequency, and a square-root dependence above the critical frequency. This plot is similar to and consistent with the earlier analysis done on a conductive cylinder.
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